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TORSIONAL RIGIDITY OF
MINIMAL SUBMANIFOLDS
STEEN MARKVORSEN# AND VICENTE PALMER*
Abstract. We prove explicit upper bounds for the torsional rigi-
dity of extrinsic domains of minimal submanifolds Pm in ambient
Riemannian manifolds Nn with a pole p. The upper bounds are
given in terms of the torsional rigidities of corresponding Schwarz
symmetrizations of the domains in warped product model spaces.
Our main results are obtained via previously established isoperi-
metric inequalities, which are here extended to hold for this more
general setting based on warped product comparison spaces. We
also characterize the geometry of those situations in which the
upper bounds for the torsional rigidity are actually attained and
give conditions under which the geometric average of the stochastic
mean exit time for Brownian motion at infinity is finite.
1. Introduction
We consider a complete Riemannian manifold (Mn, g) and the in-
duced Brownian motion Xt defined on M . The analytic moments of
exit time of Xt from precompact domains D in the manifold are given
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2 S. MARKVORSEN AND V. PALMER
by the integrals
(1.1) Ap, k(D) =
∫
D
upk(x) dµ .
The functions uk are defined inductively as the sequence of solutions
to the following hierarchy of boundary value problems (see [Mc], and
[H]):
(1.2)
∆Mu1 + 1 = 0 on D
u1|∂D = 0 ,
and, for k ≥ 2,
(1.3)
∆Muk + kuk−1 = 0 on D
uk|∂D = 0 .
Here ∆M denotes the Laplace-Beltrami operator on (Mn, g) . The
first solution u1(x) in this hierarchy is the mean exit time of first exit
from D for a Brownian particle starting at the point x in D, (see [Dy]).
Since this function will be given special attention in this paper, we
shall denote it u1 = E. The sequence (1.1) is the so-called L
p-moment
spectrum of the domain D (see [Mc]). In close analogy with the Dirichlet
spectrum, the cases p = 1 and p =∞ are of special interest. Following
[Mc] we write
(1.4) Ak(D) = A1, k(D) .
The quantity A1(D) is known as the torsional rigidity of D, because
when D ⊆ R2, A1(D) represents the torque required for a unit angle
of twist per unit length when twisting an elastic beam of uniform cross
sectionD, (see [Ba] and [PS]). The torsional rigidity A1(D) plays a role
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in the spectrum (1.4) which is similar to the role of the first positive
Dirichlet eigenvalue in the Dirichlet spectrum. There are a number of
works which deal with bounds for the first Dirichlet eigenvalue and for
the torsional rigidity in terms of geometric invariants associated with
the underlying domain. See e.g. [Ber], [Ch1], [Ch2] concerning the first
Dirichlet eigenvalue, and [Ba], [PS], [BBC], and [BG] concerning the
torsional rigidity.
Perhaps the most relevant example and token of interest in these
problems is given by the St. Venant torsion problem. It is a precise
analog of the Rayleigh conjecture about the fundamental tone of a
membrane. In 1856, Saint-Venant conjectured that of all cross sections
with a given area, the circle has maximum torsional rigidity. The first
proof of this conjecture was given by G. Po´lya in 1948, (see [Po] and
also [PS]), using the method of symmetrizations due to J. Steiner.
The proof of the Rayleigh conjecture in the context of Riemann-
ian geometry is based on the Faber-Krahn inequality which in turn is
based on the standard isoperimetric inequality for domains. This in-
equality thereby provides the connection between the bounds for the
first Dirichlet eigenvalue and the geometry of the underlying Riemann-
ian manifold in which the actual domain is residing.
In the paper [Mc], P. McDonald combines both techniques, using
now Schwarz symmetrization and Faber-Krahn’s inequality, in order
to establish relations between the L1-moment spectrum of a domain
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and the geometry of the underlying manifold. He thereby obtains up-
per bounds for the L1-moment spectrum of smoothly bounded domains
with compact closure in a Riemannian manifold provided that all the
domains in the manifold satisfies a certain type of isoperimetric condi-
tions. The isoperimetric conditions are formulated in comparison with
the real space forms of constant curvature IKn(b), b ∈ R (see Theorem
1.2 in [Mc]).
The purpose of the present work is to exploit - in this vein - the
torsional rigidity of some specific domains of minimal submanifolds
in ambient spaces with suitably bounded curvature. We do not need
explicit isoperimetric conditions on the domains as in [Mc], but con-
struct more flexible comparison spaces, namely warped products which
are specially prepared to estimate the torsional rigidity of the domains
in question. One particular property needed to be satisfied in these
comparison spaces is a two-sided isoperimetric inequality type condi-
tion which we call a balance condition.
The geometrical analysis of the extrinsic distance function has been
used in several works (see [CLY], [Ma1], [Ma2], [MP1], [MP2], [MP3])
to study the influence of the extrinsic curvatures of a submanifold and
the intrinsic curvatures of the ambient manifold on the behavior of the
solutions of certain classical PDEs. The extrinsic R−balls DR (which,
roughly speaking, are defined as the intersections of the geodesic balls
BnR in the ambient space, with the submanifold in question), has in
this setting turned out to be a fundamental tool for the description of
the relationship between the inner and the outer geometry of immersed
TORSIONAL RIGIDITY 5
submanifolds in ambient Riemannian manifolds.
In the present paper, Theorem 2.1 gives an upper bound for the tor-
sional rigidity of extrinsic p−centered R−balls of a minimal subman-
ifold Pm in an ambient complete non-compact Riemannian manifold
Nn, which admits p as a pole. We assume throughout that p ∈ P ,
but recall also that, considered as a pole in the ambient space N , the
exponential map from there is a diffeomorphism: expp : TpN
n → Nn.
For comparison, an Hadamard–Cartan manifold has everywhere non-
positive sectional curvatures and since it is also by definition simply
connected, every point is a pole. The roˆle of the pole p is precisely to
serve as the origin of a smooth distance function distN(p, x) from p :
For every x ∈ Nn−{p} we define r(x) = distN(p, x), and this distance
is realized by a unique geodesic from p to x. The sectional curvatures
of N along these geodesics are called the p-radial sectional curvatures
of N and are denoted by Kp,N(x).
Throughout this paper we shall assume that the ambient manifold
Nn has its p-radial sectional curvatures Kp,N(x) bounded from above
by the expression −w′′(r(x))/w(r(x)), which are precisely the radial
sectional curvatures of a so-called w-model space Mmw . Such a model
space is defined as the warped product of a real interval with the stan-
dard (m − 1)-dimensional unit Euclidean sphere Sm−11 and warping
function w(r) which satisfies the initial conditions w(0) = 0, w′(0) = 1.
A precise definition and further properties of model spaces will be given
in section 3 below.
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For now we only need to observe, that the following conditions and
concepts will be instrumental for our results and for their initial for-
mulation.
1.1. Comparison constellations. The setting of our comparison stra-
tegy is contained in the following definition:
Definition 1.1. The triple {Nn, Pm, Mmw } , consisting of an ambi-
ent space Nn, a minimal submanifold Pm ⊂ Nn and a comparison
w−model space Mmw which satisfy the assumptions indicated above,
will be called a comparison constellation.
Specifically, in a comparison constellation we thus assume, that there
is a point p in P which is also a pole of the ambient space N and
that the radial sectional curvatures as seen from p satisfy Kp,N(x) ≤
Kw(r(x)) = −w′′(r)/w(r) for all r ≤ R, where R is the radius of any
extrinsic p−centered R−ball DR under consideration in P . We will pay
special attention to the intrinsic geometry of the w−model spaces. It is
important to note, that the warping function w(r) for the comparison
space Mmw must satisfy the ’smooth pole’ conditions w(0) = 0 and
w′(0) = 1 and that for symmetrization purposes we shall be using the
model spaces beyond the radius R. In particular we shall assume that
the so-called balancing conditions are satisfied for all r.
1.2. Balanced model spaces. At the outset the w−model spaces are
completely determined via w by the mean curvatures of the spherical
fibers Swr - at distance r from the center point of the model space the
fiber mean curvature is
ηw(r) = w
′(r)/w(r) ,
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by the volume of the fiber
Vol(Swr ) = V0w
m−1(r) ,
and by the volume of the corresponding ball, for which the fiber is the
boundary
Vol(Bwr ) = V0
∫ r
0
wm−1(t) dt .
Here V0 denotes the volume of the unit sphere S
m−1
1 . The latter two
functions define the isoperimetric quotient function as follows
qw(r) = Vol(B
w
r )/Vol(S
w
r ) .
As mentioned previously, the model spaces serve foremost as compari-
son controllers for the radial sectional curvatures of Nn, but we shall
need two further purely intrinsic conditions on the model spaces: A
given w−model space Mmw is called balanced from below and bal-
anced from above, respectively, if the following weighted isoperimetric
conditions are satisfied:
Balance from below: qw(r) ηw(r) ≥ 1/m for all r ≥ 0 ;
Balance from above: qw(r) ηw(r) ≤ 1/(m− 1) for all r ≥ 0 .
A model space is called totally balanced if it is balanced both from be-
low and from above. See examples 3.13.
1.3. The key Jacobi field technique. The curvatures of the ambi-
ent space N control the second order behavior of r(x) via the classical
Jacobi field index theory, see e.g. [S]. A bound on the p-radial sec-
tional curvatures thus gives a bound on the Hessian of radial functions,
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HessN (f(r)), as proved by Greene and Wu, see [GreW] and applied by
Jorge and Koutroufiotis, [JK]. These techniques may be considered
as generalizations (to submanifolds) of purely intrinsic comparison me-
thods - an observation which motivates our corollary 2.4, where we give
an upper bound for the torsional rigidity of geodesic balls in a mani-
fold N with a pole p, and p-radial sectional curvatures bounded from
above, by specializing the proof of Theorem 2.1 to this purely intrinsic
setting, where P = N . In this case, the extrinsic geometry disappears
from the analysis and only the intrinsic geometry of N is active.
2. Main results
Although the remarks and tools stated above will be substantially
refined in the following sections, so far they do permit the statement
of our main theorem:
Theorem 2.1 (Main result). Let {Nn, Pm, Mmw } denote a compari-
son constellation, and assume that Mmw is totally balanced. Let DR be a
precompact extrinsic R-ball in Pm, with center at a point p ∈ P which
also serves as a pole in N . Then
(2.1) A1(DR) ≤ A1(BwS(R)) ,
where BwS(R) is the Schwarz symmetrization of DR in the w-model space
Mmw , i.e., it is the geodesic ball inM
m
w such that Vol(DR) = Vol(B
w
S(R)).
Equality in (2.1) for some fixed radius R implies that DR is a minimal
cone in Pm, and if the ambient manifold is the real space form IKn(b)
with constant sectional curvature b < 0, this equality implies that Pm
is totally geodesic in IKn(b).
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Remark 2.2. By definition, the torsional rigidity A1(DR) is the D(R)-
integral of the mean exit time function ER(x) from x in DR. We
note that for most minimally immersed submanifolds Pm in the flat
Euclidean spaces Rn with the obvious choice of comparison model
space, Mmw = Rm , w(r) = r , we have (see [Ma1], [Pa]):
ER(x) = E
w
R(r(x)) for all x ∈ DR ,
but also Vol(DR) > Vol(B
w
R) ,
so that A1(DR) > A1(BwR) .
This shows in particular the powers of our symmetrization techniques
for obtaining general upper bounds for the torsional rigidity as in The-
orem 2.1, equation (2.1).
The geometric average mean exit time from D(R) is given by the
quotient A1(DR)/Vol(DR). As will be observed below in corollary 5.2
this quotient is unbounded for geodesic balls in all Euclidean spaces as
R → ∞. The existence of regions in Rm with finite torsional rigidity
and yet infinite volume follows from the work [BBC]. In [BG] the au-
thors find further upper bounds for the torsional rigidity of domains
in complete non-compact manifolds. In both cases the bounds are ob-
tained from Hardy inequalities, which, geometrically speaking, guar-
antees that the boundaries of the domains under consideration are not
too thin - so that the diffusion is thus guaranteed sufficient room for
escape. In our present setting this property is obtained partly from
the constructive simplicity of the submanifold domains, that we con-
sider, and partly from the isoperimetric type balancing conditions of
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the comparison spaces, that we use.
Although Brownian diffusion is known to be transient in Euclidean
spaces of dimensions larger than 2, it is not sufficiently swift, however,
to give even a finite average of the mean exit time at infinity for geodesic
balls. However, the situation is different in spaces with sufficiently
controlled curvatures as we demonstrate in the following corollary – to
be proved in section 5.
Corollary 2.3. Let {Nn, Pm, Mmw } denote a comparison constella-
tion. Assume that the extrinsic balls DR in P
m are well-defined and
precompact for all R. Suppose that the model space Mmw in the con-
stellation is totally balanced and suppose further that the model space
geodesic spheres do not have 0 as a limit for their mean curvatures
ηw(r) as r →∞. Then the limit qw(∞) of the isoperimetric quotient
function is finite and it bounds the average mean exit time at infinity
in Pm in the following sense:
(2.2) lim
R→∞
(A1(DR)
Vol(DR)
)
≤ q2w(∞) .
By specializing the proof of Theorem 2.1 to the purely intrinsic geo-
metric setting (so that the submanifold is the ambient manifold itself,
P = N), we obtain the following
Corollary 2.4. Let BnR = DR be a geodesic ball of a complete mani-
fold Nn with a pole p, and let {Nn, Nn, Mnw} denote a corresponding
comparison constellation with an n−dimensional w−model space Mnw
which is totally balanced. Then
(2.3) A1(BnR) ≤ A1(BwS(R))
TORSIONAL RIGIDITY 11
where BwS(R) is the Schwarz Symmetrization of B
n
R in the w-model space
Mnw, i.e., it is the geodesic ball in M
n
w such that Vol(DR) = Vol(B
w
S(R)) .
Equality in (2.3) for some fixed radius R implies that S(R) = R and
BnR and B
w
R are isometric.
Outline of paper . We devote section 3 to the precise definitions of
extrinsic balls and w-model comparison spaces, and to the description
of the general setup of our comparison analysis. In sections 4, 5, and
6 we shall then prove Theorem 2.1, corollary 2.3, and corollary 2.4
respectively.
3. Preliminaries
We consider an immersed m-dimensional submanifold Pm in a com-
plete Riemannian manifold Nn. Let p denote a point in P and assume
that p is a pole of the ambient space N . We denote the distance func-
tion from p in the ambient space by r(x) = distN(p, x) for all x ∈ N .
Since p is a pole there is - by definition - a unique geodesic from p to x
which realizes the distance r(x) . We also denote by r the restriction
r|P : P −→ R+ ∪ {0}. This restriction is then called the extrinsic dis-
tance function from p in Pm. The corresponding extrinsic metric balls
of radius R and center p are denoted by DR(p) ⊆ P and defined as any
precompact connected component (containing p) of the intersection
BR(p) ∩ P = {x ∈ P | r(x) < R} ,
where BR(p) denotes the geodesic R-ball around the pole p in N
n.
This intersection is always non-empty for R > 0 , and for sufficiently
small R , the extrinsic ball DR(p) is also always precompact with a
well-defined boundary ∂DR(p) .
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When we consider the very special situation when Pm is a totally
geodesic submanifold IKm(b) ⊆ IKn(b), n ≥ m, in the space form of
constant curvature b , then the corresponding extrinsic R-ball Db,mR (p˜)
centered at p˜ ∈ IKm(b), is identical to a totally geodesic R-ball Bb,mR (p˜)
centered at p˜ in this submanifold, and the boundary ∂Bb,mR (p˜) is simply
the geodesic sphere Sb,m−1R (p˜).
We now define our comparison spaces, the w-model spaces. We have
used these spaces for similar comparison purposes in our previous work
[MP3]. We refer to this paper, and also to the works [O’N], [Gri] and
[GreW] for further details.
3.1. The w−model spaces.
Definition 3.1 (See [Gri], [GreW]). A w−model Mmw is a smooth
warped product with base B1 = [ 0, Λ[ ⊂ R (where 0 < Λ ≤ ∞ ), fiber
Fm−1 = Sm−11 (i.e. the unit (m − 1)−sphere with standard metric),
and warping function w : [ 0, Λ[→ R+∪{0} with w(0) = 0, w′(0) = 1,
and w(r) > 0 for all r > 0 . The point pw = pi
−1(0), where pi denotes
the projection onto B1, is called the center point of the model space.
If Λ =∞, then pw is a pole of Mmw .
Remark 3.2. The simply connected space forms Km(b) of constant
curvature b can be constructed as w−models with any given point as
center point using the warping functions
(3.1) w(r) = Qb(r) =

1√
b
sin(
√
b r) if b > 0
r if b = 0
1√−b sinh(
√−b r) if b < 0 .
TORSIONAL RIGIDITY 13
Note that for b > 0 the function Qb(r) admits a smooth extension to
r = pi/
√
b. For b ≤ 0 any center point is a pole.
Proposition 3.3 (See [O’N] p. 206). Let Mmw be a w−model with
warping function w(r) and center pw. The distance sphere of radius r
and center pw in M
m
w , denoted as S
w
r , is the fiber pi
−1(r). This distance
sphere has the following constant mean curvature vector in Mmw
(3.2) Hpi−1(r) = −ηw(r)∇Mpi = −ηw(r)∇Mr ,
where the mean curvature function ηw(r) is defined by
(3.3) ηw(r) =
w′(r)
w(r)
=
d
dr
ln(w(r)) .
In particular we have for the constant curvature space forms Km(b):
(3.4) ηQb(r) =

√
b cot(
√
b r) if b > 0
1/r if b = 0
√−b coth(√−b r) if b < 0 .
Definition 3.4. Let p be a point in a Riemannian manifold M and
let x ∈ M − {p}. The sectional curvature KM(σx) of the two-plane
σx ∈ TxM is then called a p-radial sectional curvature of M at x if
σx contains the tangent vector to a minimal geodesic from p to x. We
denote these curvatures by Kp,M(σx).
Proposition 3.5 (See [GreW] and [Gri]). Let Mmw be a w−model with
center point pw. Then the pw-radial sectional curvatures of M
m
w at
every x ∈ pi−1(r) (for r > 0 ) are all identical and determined by the
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radial function Kw(r) defined as follows:
(3.5) Kpw,Mw(σx) = Kw(r) = −
w′′(r)
w(r)
.
For any given warping function w(r) we introduce the isoperimetric
quotient function qw(r) for the corresponding w−model space Mmw as
follows:
(3.6) qw(r) =
Vol(Bwr )
Vol(Swr )
=
∫ r
0
wm−1(t) dt
wm−1(r)
,
where Bwr denotes the polar centered geodesic r−ball of radius r in
Mmw with boundary sphere S
w
r .
Since the warping function w usually appears raised to the power
m− 1 we will use the notion aw(r) to denote this power of w :
(3.7)
aw(r) = Vol(S
w
r )/V0 = w
m−1(r) ,
qw(r) =
∫ r
0
aw(t) dt
aw(r)
.
Note that although qw(r) and aw(r) depend on the dimension m
we suppress this dependence from the notations, since in each case the
dimension will be evident.
Then we have the following observations concerning the mean exit
time function and the torsional rigidity of Bwr in terms of qw and aw :
Proposition 3.6.
(3.8) EwR(r) =
∫ R
r
qw(t) dt ,
(3.9) A1(BwR) =
∫
BwR
EwR dµ = V0
∫ R
0
aw(r)
(∫ R
r
qw(t) dt
)
dr .
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Differentiating with respect to R gives
(3.10)
d
dR
A1(BwR) = V0 qw(R)
∫ R
0
aw(r) dr
=
Vol(BwR)
2
Vol(SwR)
= q2w(R) Vol(S
w
R) .
Upon integration of the latter equality we get the following alternative
expression for the torsional rigidity of the geodesic balls in the w−model
spaces, which may be of independent interest:
(3.11) A1(BwR) =
∫
BwR
q2w dσ .
Remark 3.7. Since qw(r) > 0 , it follows from (3.8) that for fixed r ,
the mean exit time function EwR(r) is an increasing function of R . Fur-
thermore if q′w(r) ≥ 0 then the average mean exit time A1(Bwr )/Vol(Bwr )
of Bwr is also a non-decreasing function of r . This relates to the ques-
tion of finding w−model spaces with bounded average mean exit time
at infinity. We will return to this question in section 5.
Concerning q′w(r) ≥ 0 we now display alternative ways to express
this growth condition for the isoperimetric quotient:
Observation 3.8. The following conditions on the warping function
w(r) are equivalent (recall that ηw(r) denotes the mean curvature of
the fiber at r of the model space Mmw ):
(3.12)
q′w(r) ≥ 0
qw(r) ηw(r) ≤ 1/(m− 1)
wm(r) ≥ (m− 1)w′(r)
∫ r
0
wm−1(t) dt .
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Definition 3.9. A given w−model space satisfying one and hence all
three of these conditions will be called balanced from above. The bal-
ancing condition is thus guaranteed by the product of the isoperimet-
ric quotient and the mean curvature being bounded from above by
1/(m− 1) .
Observation 3.10. The following conditions on the warping function
w(r) of a model space are also equivalent
(3.13)
qw(r) ηw(r) ≥ 1/m
wm(r) ≤ mw′(r)
∫ r
0
wm−1(t) dt .
Definition 3.11. A given w−model space satisfying one, hence both,
of the conditions in observation 3.10 will be called balanced from below.
If Mmw is balanced from above and from below, it will simply be called
totally balanced.
The following are also immediate consequences of the definitions:
Observation 3.12. If Kw(r) ≥ −η2w(r) then Mmw is balanced from
above. If Kw(r) ≤ 0 then Mmw is balanced from below.
In this sense, then, there are many w−model spaces which are totally
balanced.
Examples 3.13. The following are typical examples of the four types
of balancing and non-balancing of w−model spaces (the proofs are
straightforward):
(1) Every positively curved space form of constant positive curva-
ture is (within its injectivity radius) balanced from above but
it is not balanced from below.
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(2) Every space form model space of constant non-positive curva-
ture is totally balanced.
(3) The warping function w(r) = log(1+r) gives a w−model space
which is balanced from above but not from below.
(4) The function w(r) = exp(r2) + r − 1 gives a w−model space
which is balanced from below but not from above. Recall that
w(r) must satisfy the initial conditions w(0) = 0 and w′(0) =
1 in order to generate a model space with a well-defined pole.
(5) Finally, suitable combinations of ’shifted’ versions of the exam-
ples w(r) from examples (2) and (3) will give model spaces
which are balanced neither from above nor from below.
3.2. Symmetrization into model spaces. Another instrumental con-
cept needed to prove our result is a generalization of the concept of
Schwarz symmetrization in Rn . We extend the symmetrization to al-
low suitable w-model spaces Mmw as target spaces.
Definition 3.14. Suppose D is a precompact open connected domain
in Pm . Then the w−model space symmetrization of D is denoted by
D∗ and is defined to be the unique pw−centered ball D∗ = Bw(D) in
Mmw satisfying Vol(D) = Vol(B
w(D)) . In the particular case where
D is actually an extrinsic metric ball DR in P of radius R we may
write
D∗R = B
w(D) = BwS(R) ,
where S(R) is some increasing function of R which depends on the
geometry of P , according to the defining property:
Vol(DR) = Vol(B
w
S(R))
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Remark 3.15. Since w−model spaces may have finite volume, there
may not in general be enough room for such symmetrization construc-
tions. However, for w−model spaces balanced from below the volume
Vol(Bwr ) increases to infinity with r because the assumption ηw(r) > 0
implies that w′(r) > 0 as well.
We also introduce the notion of a symmetrized function on the sym-
metrization D∗ of D as follows.
Definition 3.16. Let f denote a nonnegative function on D
f : D ⊆ P → R ∪ {0} .
For t > 0 we let
D(t) = {x ∈ D | f(x) ≥ t} .
Then the symmetrization of f is the function f ∗ : D∗ → R ∪ {0}
defined by
f ∗(x∗) = sup{t |x∗ ∈ D(t)∗ } .
Proposition 3.17. The symmetrized objects f ∗ and D∗ satisfy the
following properties:
(1) The function f ∗ depends only on the geodesic distance to the
center pw of the ball D
∗ in Mmw and is non-increasing.
(2) The functions f and f ∗ are equimeasurable in the sense that
(3.14) VolP ({x ∈ D | f(x) ≥ t}) = VolMmw ({x∗ ∈ D∗ | f ∗(x∗) ≥ t})
for all t ≥ 0 . In particular, for all t > 0, we have
(3.15)
∫
D(t)
f dµ ≤
∫
D(t)∗
f ∗ dσ .
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Remark 3.18. The proof of these properties follows the proof of the
classical Schwarz symmetrization using the ’slicing’ technique for sym-
metrized volume integrations and comparison – see e.g. [Ch2].
The proof of Theorem 2.1 is based mainly upon two results, The-
orem A and Theorem B, concerning the mean exit time function de-
fined on the extrinsic balls and an isoperimetric property satisfied by
these extrinsic domains. These theorems were established for extrinsic
balls in minimal submanifolds of a Riemannian manifold with bounded
geometry, namely, with an upper bound on its sectional curvatures, (in
particular, the ambient space in Theorem B was assumed to be an
Hadamard–Cartan manifold). However, we can use the Hessian and
Laplacian comparison theory based on Theorem 3.19, to conclude a
comparison, corollary 3.20, for the Laplacian of radial functions de-
fined on the extrinsic balls of the submanifold Pm in a manifold with
a pole Nn satisfying our hypotheses, (see [MP3] for more details).
Theorem 3.19 (See [GreW], Theorem A). Let Nn be a manifold with a
pole p, let Mmw denote a w−model with center pw. Suppose that m ≤ n
and that every p-radial sectional curvature at x ∈ N − {p} is bounded
from above by the pw-radial sectional curvatures in M
m
w as follows:
(3.16) Kp,N(σx) ≤ −w
′′(r)
w(r)
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for every radial two-plane σx ∈ TxN at distance r = r(x) = distN(p, x)
from p in N . Then the Hessian of the distance function in N satisfies
(3.17)
HessN(r(x))(X,X) ≥ HessMmw (r(y))(Y, Y )
= ηw(r)
(
1− 〈∇Mr(y), Y 〉2M
)
= ηw(r)
(
1− 〈∇Nr(x), X〉2N
)
for every unit vector X in TxN and for every unit vector Y in TyM
with r(y) = r(x) = r and 〈∇Mr(y), Y 〉M = 〈∇Nr(x), X〉N .
Corollary 3.20. Suppose again that the assumptions of Theorem 3.19
are satisfied. Then we have for every smooth function f(r) with f ′(r) ≥
0 for all r, (respectively f ′(r) ≤ 0 for all r):
(3.18)
∆P (f ◦ r) ≥ (≤) ( f ′′(r)− f ′(r)ηw(r) ) ‖∇P r‖2
+mf ′(r)
(
ηw(r) + 〈∇Nr, HP 〉
)
,
where HP denotes the mean curvature vector of P in N .
Using corollary 3.20 along the lines of the proofs in [Ma1] and [Pa],
we obtain the generalized statements below. These theorems and their
proofs concern extrinsic balls in minimal submanifolds of a manifold
with a pole, but can also be stated and proved for codimension-0 ex-
trinsic balls in the ambient manifold, i.e. geodesic balls in N , a setting
in which the balancing condition from below (for the w−model spaces)
is then not needed. In order to gain clarity and completeness we state
and prove the theorems concerning extrinsic balls in minimal submani-
folds in this section, and give an explicit sketch of the proof in the case
of intrinsic geodesic balls in section 6. These latter comparison results
are explicitly used in the proof of corollary 2.4.
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Theorem A ([Ma1]). Let {Nn, Pm, Mmw } denote a comparison con-
stellation, and assume that Mmw is balanced from below. Let DR be an
extrinsic R-ball in Pm, with center at a point p ∈ P which also serves
as a pole for the ambient space N . Then
(3.19) ER(x) ≤ EwR(x) for all x ∈ DR
where EwR denotes the mean exit time function defined on the geodesic
R-ball in the w-model space Mmw . Moreover, if equality in (3.19) is ful-
filled on DR and the balance of M
m
w from below is sharp qw(r) ηw(r) >
1/m for all r, then DR is a minimal cone in the ambient space N
n, so
if Nn is actually the hyperbolic space IKn(b), then Pm is totally geodesic
in IKn(b).
Remark 3.21. Concerning the balance condition, we observe that
w(r) satisfies qw(r) ηw(r) = 1/m for all r (with the standard initial
conditions) if and only if w(r) = r. The w−model spaceMmw is then the
flat Euclidean space Rm in which every minimal submanifold is known
to have the same mean exit time function ER(x) = (R
2 − r2(x))/2m
for all extrinsic balls DR, see [Ma1]. In this case, therefore, we do not
obtain further structural information from equality in equation (3.19).
Proof. The proof we are going to sketch follows the lines of [Ma1],
where the result was established for ambient manifolds with bounded
sectional curvatures from above. Let us consider EwR(r) the (radial)
solution of the Poisson equation with Dirichlet boundary data defined
on the geodesic R-ball BwR in the w-model space M
m
w ,
(3.20)
∆M
m
w E = −1 on BwR
E|SwR = 0
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In order to compare this solution ER(x) with the solution of the corre-
sponding Poisson problem defined in DR ⊆ P , we transplant EwR(r) to
DR:
EwR : DR −→ R; EwR(x) := EwR(r(x))
Since Ew
′
R (r) ≤ 0 for all r ≤ R, we may apply corollary 3.20 to
obtain
(3.21)
∆PEwR ≤
(
Ew
′′
(r)− Ew′(r)ηw(r)
)
‖∇P r‖2
+mEw
′
(r)
(
ηw(r) + 〈∇Nr, HP 〉
)
Then, as wm(r) ≤ mw′(r) ∫ r
0
wm−1(t)dt, it is easy to check that Ew
′′
(r)−
Ew
′
(r)ηw(r) ≥ 0, and taking into account that ‖∇P r‖2 ≤ 1 and that
P is minimal, (3.21) becomes
(3.22)
∆PEwR ≤ Ew
′′
(r) + (m− 1)Ew′(r)ηw(r)
= ∆M
m
w EwR = −1 = ∆PER
Hence, as EwR |∂DR = ER|∂DR = 0, we have ER ≤ EwR on DR by applying
the Maximum Principle.
If we have equality in (3.19) for some fixed radius R, inequalities in
(3.22) and (3.21) become equalities. Therefore, ‖∇P r‖ = 1 = ‖∇Nr‖
in DR, so ∇P r = ∇Nr on DR. All the geodesics in N starting at p
thus lies in P , so DR = expp(D˜R), being D˜R the 0-centered R-ball in
TpP . Hence, DR is a minimal cone in N , in fact, the geodesic R-ball
BmR in P . If N = IK
n(b), (b < 0), the hyperbolic space with constant
curvature b, then, from analytical continuation from DR = B
m
R , we
finally get that Pm is a totally geodesic submanifold of IKn(b).
¤
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The second theorem is based on the theorem above and describes
an isoperimetric inequality satisfied by the extrinsic balls in the same
setting.
Theorem B ([Pa]). Let {Nn, Pm, Mmw } denote a comparison con-
stellation, and assume that Mmw is balanced from below. Let DR be an
extrinsic R-ball in Pm, with center at a point p ∈ P which is also a
pole in the ambient space N . Then
(3.23)
Vol(∂DR)
Vol(DR)
≥ Vol(S
w
R)
Vol(BwR)
for all R > 0 .
Furthermore,
(3.24) Vol(DR) ≥ Vol(BwR) for all R > 0 .
Moreover, if equality in inequalities (3.23) or (3.24) holds for some
fixed radius R and if again the balance of Mmw from below is sharp
qw(r) ηw(r) > 1/m for all r, then DR is a minimal cone in the ambient
space Nn, so if Nn is the hyperbolic space IKn(b) , b < 0 , then Pm is
totally geodesic in IKn(b).
Proof. The proof of this result is based on Theorem A and an appli-
cation of the divergence theorem and the co-area formula. It follows
the lines of [Pa], where the result is proved in cases where the ambient
space is an Hadamard-Cartan manifold.
In the model spaces Mmw , using the Poisson equation ∆E
w
R = −1 on
BwR , the divergence theorem, and the fact that
∇P r
‖∇P r‖ is the unit normal
pointing outward from the boundary ∂DR, we have, (in this context
24 S. MARKVORSEN AND V. PALMER
where DR = B
w
R and ∂B
w
R = S
w
R),
(3.25)
Vol(BwR) = −
∫
BwR
∆M
m
w EwR dµ
=
∫
SwR
< ∇EwR ,∇M
m
w r > dσ = Ew
′
R (R)Vol(S
w
R) .
Hence,
(3.26) Ew
′
R (R) = −
Vol(BwR)
Vol(SwR)
for all R ≥ 0 .
Now, we proceed as in the proof of Theorem A: by transplantation of
EwR to DR, we get inequality ∆
PEwR ≤ −1, so, applying the divergence
theorem, taking the unit normal to ∂DR as
∇P r
‖∇P r‖ , and using ‖∇P r‖ ≤
1, we get
(3.27)
Vol(DR) =
∫
DR
−∆PER dµ
≤
∫
DR
−∆PEwR dµ
= −
∫
DR
div(∇PEwR) dµ
= −
∫
∂DR
< ∇PEwR ,
∇P r
‖∇P r‖ > dµ
= −Ew′R (R)
∫
∂DR
‖∇P r‖ dµ
≤ Vol(B
w
R)
Vol(SwR)
Vol(∂DR) ,
which shows inequality (3.23).
Equality in (3.23) for some fixed radius R implies that inequalities
in (3.27) become equalities, so we obtain∫
DR
−∆PER dµ =
∫
DR
−∆PEwR dµ ,
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which, together with inequality (3.22), implies that ∆PER = ∆
PEwR in
DR, which in turn implies that ‖∇P r‖ = 1 = ‖∇Nr‖ in DR, so DR is a
minimal cone in N , in fact, the geodesic R-ball BmR in P , in the same
way as in Theorem A.
The proof of inequality (3.24) from inequality (3.23) is based on the
co-area formula, and follows as before the lines in [Pa]: Apply the
co-area formula to the level sets constructed by means of the smooth
function h : DR −→ R, defined as h(q) := R2 − r2(q) for all q ∈ DR,
where r(q) is the extrinsic distance from q to the pole p. We conclude
that d
dr
Vol(Dr) ≥ Vol(∂Dr).
Now consider the function
(3.28) G(r) =

ln
(
Vol(Dr)
Vol(Bwr )
)
if r > 0
0 if r = 0 .
It is straightforward to check that G(r) is continuous using the a-
symptotic expansion for the volume of extrinsic balls with small radii
in a submanifold of an arbitrary Riemannian manifold established in
[KP] and the identity
(3.29) Vol(BwR) =
∫ R
0
Vol(Swr ) dr = Vol(S
0,m−1
1 )
∫ R
0
wm−1(r) dr .
In view of (3.29) it is straightforward to check, using inequality
(3.23), that G′(r) ≥ 0 for all r ≤ R, so G(r) ≥ 0 for all r ≤ R.
In the same way as before, equality in (3.24) implies that ‖∇P r‖ =
1 = ‖∇Nr‖ in DR.
¤
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As mentioned before, these results will allow us to avoid the main
condition in [Mc] referring to an isoperimetric condition for all domains
in comparison with constant curvature space forms.
4. Proof of Theorem 2.1
Given the solutions ER and E
w
R to the Poisson equation with Dirichlet
boundary data defined on DR and B
w
R respectively, we compare them
by transplanting EwR to DR as before.
Using Theorem A and the property (3.15) of the symmetric model
space rearrangement of the extrinsic ball DR, we have that
(4.1)
A1(DR) =
∫
DR
ER dµ
≤
∫
DR
EwR dµ
≤
∫
D∗R
Ew∗R dσ
=
∫
Bw
S(R)
Ew∗R dσ ,
where the symmetrization D∗R of DR is the geodesic S(R)-ball in M
m
w ,
BwS(R), satisfying Vol(DR) = Vol(B
w
S(R)). From inequality (3.24) we
have that S(R) ≥ R.
The symmetrized function Ew∗R is a radial function defined on B
w
S(R)
but it does not necessarily satisfy the Poisson equation there. We
therefore consider the radial solution EwS(R) to the Poisson equation
with Dirichlet boundary data defined on BwS(R),
(4.2)
∆M
m
w E = −1
E|∂Bw
S(R)
= 0 .
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The idea is to compare this Poisson solution with the symmetrized
function Ew∗R in order to prove the following
Proposition 4.1.
(4.3) Ew∗
′
R (r) ≥ Ew
′
S(R)(r) for all r ∈ [0, S(R)] .
Integrating both sides of inequality (4.3) with respect to r, from
r = t to r = S(R), and taking into account that Ew∗R (S(R)) =
EwS(R)(S(R)) = 0 , we finally obtain
Ew∗R (t) ≤ EwS(R)(t) for all t ∈ [0, S(R)] ,
so that with the inequality from (4.1) we finally have:
(4.4)
A1(DR) ≤
∫
Bw
S(R)
Ew∗R dσ
≤
∫
Bw
S(R)
EwS(R) = A1(BwS(R)) dσ ,
which proves the inequality (2.1) in theorem 2.1. We now return to the
Proof of Proposition 4.1. To prove inequality (4.3), let us consider T =
maxBwR E
w
R . On the other hand, and given t ∈ [0, T ], let us define the
sets
D(t) = {x ∈ DR |EwR(r(x)) ≥ t} ,
and
Γ(t) = {x ∈ DR |EwR(r(x)) = t} .
Since EwR(r) is radial and nonincreasing, (see [Ma1]), the maximum T
will be attained at r = 0, D(t) is the extrinsic ball in P with radius
g(t) := Ew
−1
R (t), that we denote as Dg(t), and Γ(t) is its boundary, the
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extrinsic sphere with radius g(t), ∂Dg(t). We have too that D(0) = DR
and D(T ) = {p}, the center of the extrinsic ball DR.
We consider the symmetrizations of the sets D(t) ⊆ P , namely, the
geodesic balls D(t)∗ = Bwr(t) in M
m
w such that
Vol(D(t)) = Vol(Dg(t)) = Vol(B
w
r(t)) .
As before, we have from Theorem B (using here the condition, that
the w−model space is balanced from below) that r(t) ≥ g(t) for all t ∈
[0, T ]. We also consider the geodesic spheres Swr(t), which are the bound-
aries of these symmetrizations, i.e. ∂D(t)∗ = Swr(t).
Hence, we have defined a nonincreasing function
r : [0, T ] −→ [0, S(R)]; r = r(t)
with inverse
ψ : [0, S(R)] −→ [0, T ]; ψ = ψ(r)
such that ψ′(r) = 1
r′(t) < 0.
Now, we also have that Ew∗
′
R (r) = ψ
′(r) = 1
r′(t) for all t ∈ [0, T ]. To
see this we must take into account that BwS(R) = ∪t∈[0,T ]∂D(t)∗, so, given
x ∈ BwS(R), there exists some biggest value t0 such that r(x) = r(t0),
(and hence, x ∈ D(t0)∗), so, by definition of the symmetric function,
Ew∗R (x) = E
w∗
R (r(x)) = t0 = ψ(r(x)), and therefore,
Ew∗
′
R (r(t)) =
1
r′(t)
for all t ∈ [0, T ] .
We now need the following
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Lemma 4.2.
(4.5) r′(t) =
−1
Vol(Swr(t))
∫
Γ(t)
‖∇PEwR‖−1 dµ
Proof. Let us denote byW (r) the volume of the geodesic r-ball inMmw ,
namely, W (r) := Vol(Bwr ). Then, we can define V : [0, T ] −→ R as
V (t) := Vol(Bwr(t)) = W (r(t)), so, by the chain rule and the fact that
W ′(r) = Vol(Swr ), we have
(4.6) V ′(t) = Vol(Swr ) r
′(t) .
As an application of the co-area formula (as given in [Ch1]) to the
level sets Γ(t), defined by the function EwR , we then obtain the claimed
identity:
(4.7) Vol(Swr (t)) r
′(t) = −
∫
Γ(t)
‖∇PEwR‖−1 dµ .
¤
Since EwR is radial, and Γ(t) = ∂Dg(t), we get, taking into account
that ‖∇P r‖ ≤ 1 and that, (see [Pa]),
(4.8) Ew
′
R (r) = −
Vol(Bwr )
Vol(Swr )
,
that also∫
Γ(t)
‖∇PEwR‖−1 dµ = |Ew′R (g(t))|−1
∫
∂Dg(t)
‖∇P r‖−1 dµ(4.9)
≥ Vol(S
w
g(t)
)
Vol(Bw
g(t)
)
Vol(∂Dg(t)) .
But the function Vol(S
w
r )
Vol(Bwr )
is non-increasing for all values of r by the
assumption that the model space is balanced from above. Indeed, the
quotient is 1/qw(r) which is non-increasing since q
′
w(r) > 0 . Then, as
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r(t) ≥ g(t), we have, using (3.10),
(4.10) −
∫
Γ(t)
‖∇PEwR‖−1 dµ ≤ −
Vol(Swr(t))
Vol(Bwr(t))
Vol(∂Dg(t))
and, hence,
(4.11)
1
r′(t)
≥ − Vol(B
w
r(t))
Vol(∂Dg(t))
.
But Vol(Bwr(t)) = Vol(Dg(t)), so using the isoperimetric inequality sat-
isfied by the extrinsic balls in minimal submanifolds stated in Theorem
B and the fact that Vol(S
w
r )
Vol(Bwr )
is non-increasing, we finally obtain,
1
r′(t)
≥ − Vol(Dg(t))
Vol(∂Dg(t))
≥ −Vol(B
w
g(t)
)
Vol(Sw
g(t)
)
(4.12)
≥ −Vol(B
w
r(t)
)
Vol(Sw
r(t)
)
= Ew
′
S(R)(r(t))
and hence the statement in Proposition 4.1
(4.13) −Ew∗′R (r(t)) = −
1
r′(t)
≤ −Ew′S(R)(r(t)) for all t ∈ [ 0, T ] .
¤
We now discuss the equality assertion in Theorem 2.1. If we have
equality in (2.1), for some fixed radius R0, then inequalities in (4.1)
become equalities for this fixed radius, so we have that
(4.14) ER = E
w
R on DR0 .
When the balance of the model space is strict, and by virtue of the
equality assertion in the statement of Theorem A, this implies that DR0
is a minimal cone in the submanifold Pm. If the ambient space Nn is
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the hyperbolic space, then Pm is totally geodesic in N = IKn(b), (see
[Ma1]). This finishes the proof of Theorem 2.1.
¤
5. Proof of corollary 2.3
Concerning the behavior of the average mean exit time at infinity
for model spaces, we have the following first result which we need to
prove the corollary:
Proposition 5.1. Let Mmw denote a w−model space. Then the aver-
age mean exit time from the R−balls in the space is controlled by the
isoperimetric function qw(r) as follows. Suppose that
(5.1) lim
R→∞
qw(R) = qw(∞) < ∞ .
Then
(5.2) lim
R→∞
(A1(BwR)
Vol(BwR)
)
= q2w(∞)
Proof. This follows directly from equation (3.10) together with an ap-
plication of L’Hospitals rule as follows:
(5.3)
lim
R→∞
(
d
dR
A1(BwR)
d
dR
Vol(BwR)
)
= lim
R→∞
(
q2w(R) Vol(S
w
R)
Vol(SwR)
)
= lim
R→∞
(
q2w(R)
)
=
(
lim
R→∞
qw(R)
)2
.
¤
Corollary 5.2. Let w(r) = Qb(r) for b ≤ 0 . Then the average mean
exit time from the R−balls in the corresponding m−dimensional space
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form model of constant curvature b satisfies:
(5.4) lim
R→∞
(A1(BwR)
Vol(BwR)
)
=

∞ for b = 0
(m− 1)−2 b−2 for b < 0 .
From this we observe in particular, that ’totally balanced’ does not
imply that qw(∞) < ∞ , since the flat Euclidean spaces are totally
balanced according to example (2) in 3.13 without having a finite limit
for qw(r) . However, we do have the following
Corollary 5.3. Suppose that the w−model space Mmw is totally bal-
anced and that 0 is not an asymptotic limit for the mean curvature
function ηw(R) . Then qw(R) has a finite limit qw(∞) for R→∞ .
Proof. Since balance from above means that q′w(r) ≥ 0 , either qw(R)
has a well-defined finite limit for R → ∞ or qw(R) is increasing to
∞ . In the latter case we apply the total balancing conditions in the
form
(5.5)
1
qw(R)m
≤ ηw(R) ≤ 1
qw(R) (m− 1) ,
which then implies that ηw(R)→ 0 for R→∞ . This contradicts the
mean curvature assumption and shows the corollary. ¤
The proof of corollary 2.3 now follows directly from the main theorem
together with the observation that S(R) may replace R in the limit
construction in the model space, where Vol(DR) = Vol(B
w
S(R)). The
finiteness of the limit of qw follows from corollary 5.3.
¤
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6. Proof of corollary 2.4
Corollary 2.4 is not a direct consequence of Theorem 2.1, but rather
a corollary of its proof and the proofs of Theorems A and B, applied to
extrinsic balls when we suppose that Pm = Nn, so that the extrinsic
distance becomes the intrinsic distance of N , and the extrinsic balls
become intrinsic (geodesic) balls.
We give a sketch of the proof of the inequalities (3.19), (3.23) and
(3.24) of Theorems A and B in this setting.
In fact, when Pm = Nn, we have that equality ‖∇P r‖ = 1 is ful-
filled. Then, if EwR(r) denotes the (radial) solution of the problem
(3.20) defined now on BwR ⊆ Mnw, and we transplant it to BnR ⊆ N , we
have, applying inequality (3.18) to this transplanted function EwR(r),
and taking into account that Ew
′
R (r) ≤ 0 for all r ≤ R and that we
may formally put HP = 0 (since P = N),
(6.1) ∆NEwR ≤ Ew
′′
R (r) + (n− 1)Ew
′
R (r)ηw(r) = ∆
NER ,
where ER is the solution of
(6.2)
∆NE + 1 = 0 on BnR
E|∂BnR = 0 .
Therefore, since EwR(R) = ER(R) = 0, the Maximum Principle gives
(6.3) ER(x) ≤ EwR(r(x)) for all x ∈ BnR .
Equality in this equation for some x ∈ BnR implies equality for all x.
The situation is then highly rigid in the following sense, which stems
directly from equality in the Hessian comparison in Theorem 3.19: The
radial sectional curvatures Kp,N(x) must be equal to the model space
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radial curvaturesKw(r(x)) for all x ∈ BnR and the corresponding Jacobi
fields issuing from the pole p must be scalar modifications of parallel
fields. Thus the exponential map from p generates an isometry from
BnR onto B
w
R .
We also remark here that since ‖∇P r‖ = 1, the sign of Ew′′R (r) −
Ew
′
R (r)ηw(r) is obsolete in this setting – the inequality (6.1) holds in-
dependent of this sign. Thence we do not, strictly speaking, need the
condition that the w−model space be balanced from below. The rea-
son for assuming total balance of the model space anyways is simply
to guarantee that there is sufficient room for the symmetrization con-
struction, cf. remark 3.15.
From inequality (6.1) we obtain the isoperimetric inequality 3.23 of
Theorem B, but now for geodesic balls
(6.4)
Vol(Sn−1R )
Vol(BnR)
≥ Vol(S
w
R)
Vol(BwR)
for all R > 0 ,
and, as a corollary using the arguments from [Pa] and from the proof
of Theorem B,
(6.5) Vol(BnR) ≥ Vol(BwR) .
Again, and for the same reason as above, equality in (6.5) is attained
if and only if BnR is isometric to the model space R−ball BwR .
Now, the further argument for corollary 2.4 follows the lines of the
proof of Theorem 2.1: We have that
(6.6) A1(BnR) =
∫
BnR
ER ≤
∫
BnR
EwR ≤
∫
Bn∗R
Ew∗R .
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where Bn∗R = B
w
S(R) is the Schwarz symmetrization of the geodesic ball
BnR in the w-model space M
n
w, i.e., the geodesic ball B
w
S(R) ⊆ Mnw such
that Vol(BnR) = Vol(B
w
S(R)). We know that S(R) ≥ R, from (6.5).
Now consider the radial solution EwS(R)(r) of the problem
(6.7)
∆M
n
wE = −1 on BwS(R)
E|∂Bw
S(R)
= 0 .
With a totally analogous argument as in the proof of Theorem 2.1,
using the sets D(µ) = {x ∈ BnR | EwR(r(x)) ≥ µ}, which are geodesic
balls in N with radius g(µ) = Ew
−1
R (µ), we conclude that
Ew∗R (t) ≤ EwS(R)(t) for all t ∈ [0, S(R)] ,
so
(6.8) A1(BnR) ≤
∫
Bn∗R
Ew∗R dσ ≤
∫
Bw
S(R)
EwS(R) dσ = A1(BwS(R)) .
Equality in (2.3) has in particular the consequence, stemming from
the equality discussion inserted into the codimension-0 discussion of
Theorems A and B above, that the exponential map from the pole
p generates directly an isometry from BnR onto B
w
R as claimed. In
particular, therefore, S(R) = R, and this finishes the proof of corollary
2.4.
¤
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